The analysis of retinal blood vessels present in fundus images, and the addressing of 
as venous beading which is a significant predictor to the sight-damaging proliferative stage of the 25 condition. With the availability of imaging techniques such as colour fundus photography, fundus 26 angiography and recent optical coherence tomography angiography, there is a significant need for 27 automated vessel analysis techniques [3, 4] .
28
There has been a considerable amount of work, in recent years, aimed at the effective segmentation 29 of retinal blood vessels in fundus photography, which is a prerequisite step for blood vessel analysis.
30
Work such as [3] [4] [5] has been able to achieve increasingly improved segmentation of retinal vessels.
31
However, a significant remaining challenge is to distinguish between vessel bifurcations and vessel 32 crossings. A vessel bifurcation is where a mother vessel branches into two daughter vessels, whilst a 33 vessel crossing is where one vessel passes over another but does not connect to it. This is important for 34 tracking vessels, separating veins from arteries and providing for quantitative analysis of vasculature.
35
For example, we must be able to trace back along the vessel when a blood clot has been identified.
36
The current inability to accurately identify vessel crossings after or during vessel segmentations 37 hinders this. It is also important to monitor progress of a vessel after vein and artery occlusions; The previous work on vessel bifurcations and junctions has involved using orientation scores to detect bifurcations and junctions in retinal images [6] . In contrast to the method we proposed, which is 48 a fully automated system that uses only the image to determine the diagnosis, the work in [6] 
Methods

96
Firstly we identifying patches of fundus images z(x). During our experiments we found that the 97 optimal size for both performance and collection of the patches was 21 by 21 pixels. All of the patches 98 used throughout this method were of this size. We make use of available vessel segmentations given 99 as binary functions defined on the domain, and perform a skeletonisation process on this domain.
100
The patches are then produced along the skeleton so that each contains some of vessel structure. 
108
We tested the ability of our algorithm using 40 images from the DRIVE database with manual 109 segmentations [4] . We also studied the variability between grading and how this relates to the trained 110 network for each grader. The data split was 30 images for training the neural networks, leaving 10 111 for testing. While this may seem a small number for a machine learning approach, our patch based 112 method means that the images generated for training numbered more than 100,000 providing sufficient 113 data. Ground truth annotations of vessel crossings and bifurcations were provided by two graders (G1 114 and G2). 
Skeletonisation and patch extraction 136
We consider patches of the fundus images centred along the segmented vessels. In order to restrict 137 the number of patches for training to a manageable number, and reduce bias, we aim to reduce to 138 segmentation of the vessels to a skeleton and consider regions centred only on these points. We achieve 139 this by performing a skeletonisation of the level set function φ(x) for each image. We convolve the 140 level set function with the kernels:
where r j denotes rotation of the matrix by a multiple j of π/2 radians and
We thin the segmentation of the vessels by removing 143 the points which are centred on regions matching the above filters. That is, we set such points as 144 background points. We achieve this by iterating:
beginning with l 1 0 = 0 and cycling through i ∈ {1, 2}, j ∈ {0, 1, 2, 3}. The patch size was selected so that bifurcations, and crossings and branches, in the vessel would fit 149 within one patch. The patches are given by:
In the training stage, the set of patches (Θ) of the images in the training set are used to train the neural 151 network to identify whether a bifurcation or crossing is contained in the image patch. The network was trained to classify the patches to give a binary classification of either vessel junction 169 or background. Gaussian initialisation was used within the network to reduce initial training time.
170
The loss function used for the optimisation was the widely used categorical cross-entropy function.
171
Training was undertaken until reduction of the loss plateaued to obtain optimal results. 
Locate the centres
173
Following the neural network classification, which tell us if a bifurcation or crossing is contained 174 within a patch, we aim to find the locations of the points. We achieve this by forming the cumulative 175 sum image:
and taking the local maxima r ∈ Υ as points of interest. We then aim to determine whether points are 177 at crossings or bifurcations. We extract the patches Θ(r) and use these to train a neural network to distinguish between 180 crossings and bifurcations. The second neural network was trained with the Res18 architecture, like 181 the first. Using a relatively small training set of patches, as from our images the majority of patches 182 did not contain bifurcations and crossings, we trained our network in similar fashion to that used in 183 the previous step. Weighted classes were introduced again to cater for the imbalance, in that images 184 from the bifurcation class were substantially more prominent than that of the cross class.
185
Depending on the patch method there were around 800-2500 patches containing a junction 186 that was used for training. In all methods there were approximately twice as many junction 187 patches containing bifurcation vessels compared to patches containing vessels crossing. Training . Example of C 2 input. Rows 1 and 2 (resp. 3 and 4): training patches with crossings (resp. bifurcations) and their enhanced counterparts for presentation. The neural networks were able to achieve good results using the patches without enhancement.
[20] Reproduced with permission
Results
191
We present our results on a patch by patch basis as well as in the fundus image form with vessel bifurcations and splittings labeled. The patch detection and classification information is then used to in a probability map type reconstruction of the fundus image to produce the final appropriate vessel bifurcations and splittings, as demonstrated in Figures 5 and 6 . Here we present both the patch accuracy results and the final classified and vessel type distinguished images. We measure sensitivity, specificity and accuracy of the final image-based result as follows. Since the region of a junction is not restricted to a single point, we allow a region r(x, y) of 10 pixels either side of an annotated point at (x, y) to be considered the correct region. That is, we split each image domain Ω into two sets
where j denotes a junction point location. Ω 1 is considered the true (junction) set and Ω 2 is considered 192 the background set. We then calculate error measures based on this and report the mean measures. 
234
The current algorithm works well for images which have been manually segmented but this 235 time-consuming task could be further extended to incorporate automatic segmentation techniques [3] .
236
A further very useful extension would be to automatically determine whether the artery or vein is in 237 front given arteriovenous crossings, along with consideration of intra and inter-observer variability.
238
In order to better identify and classify bifurcations and crossings with other nearby bifurcations and 239 crossings, it would be useful to consider extending our method to a multi-scale approach. 
